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Experimental control of high-dimensional chaos: The driven double pendulum
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Chaos control techniques exploit the sensitivity of chaos to initial conditions by applying feedback pertur-
bations to an accessible system parameter. Most methods apply only one perturbation per period and are thus
susceptible to control failure when applied to highly unstable systems. Here we extend a recently developed
model-independent, quasicontinuous chaos control technigue to stabilize a high-dimensional chaotic system:
the driven double pendulunfS1063-651%96)12011-(

PACS numbd(ps): 05.45+b, 07.05.Dz

The widespread existence of chaotic dynamics in physicat" n=0,...,(N—1), where3" is intersected byz", the

systems has fostered great interest in the development @fth system state vector. The local control method developed

practical chaos control techniques. The original feedbacln Refs.[6,7] utilizes a state vector that is entirely comprised

chaos control technique developed by Ott, Grebogi, angf measured variables. Here we extend the method by using

Yorke [1] is based on the fact that there is an infinite numbertime de'ay Coordinate@], whereZ" is Comprised of both

of unstable periodic orbitdJPO’s) embedded within a cha- cyrrent and former values of measured variables. With time

ofic attractor. The Ott-Grebogi-York€DGY) approach ex-  delay coordinatess” ! is a function ofz" and all values of

ploits the sensitivity of chaos to initial conditions by making p during the delay lagn (i.e., p",p" "%, ... p" ™1 [10].

small time-dependent perturbations to an accessible systefhys the mappind™"*? from 3" to S"*1 is

wide parameter such that the system’s state point is attracted

towards the stable direction of a targeted UPO. The OGY T i=pnt (N gt pnTl o pt ML), )

technique is practical from an experimental standpoint be-

cause it requires no analytical model of the system: all nec- Setting §z"=2z"—2z} wherezfe X" is the intersection of

essary dynamics are estimated from time series measurthe UPO with 3", the linear approximation oP(™"*1)

ments made on the system. aroundzg andp gives
The OGY approach and similar model-independent feed-

back control techniques have been successfully used to con- .

trol a wide range of experimental systef@3. However, be- 52" =A"62"+ Z wi'op" ), 2

cause the OGY technique is limited to the control of low- =0

dimensional systems, it is not applicable to the majority ofyynere

real-world (i.e., high-dimensional systems. Several high-

m—1

dimensional control aIgorithmES_], irjcludin_g one recently A"=DPMM+1(Z1 by, (3)
used to control a magnetoelastic ribbon in a state of high-
dimensional chaof4,5], have been developed to overcome SPN+L (2 5y
Lo . ) n F.P
this limitation. However, because these techniques, like the wi'= (4

J n—j
OGY approach, apply control perturbations only once per op

period, amplification of noise and measurement errors b)1'he Jacobian matrixA" represents the linearization of

highly unstabl_e sys_tems may lead to control ff.i"mé Re- p(n.n+1) aroundzt while w' are vectors that measure the
cently, a quasicontinuous chaos control technique known as

H + —

the local control method6,7] has been developed to reduce Sensitivity of P(™" 1). to current {=0) and former [>0)
the likelihood of control failure by applying several control parameter pt_arturbatlons. :
perturbations per period. This model-independent techniqu Cqmputatmn of the Ir?cal control parameter perturbation
has been successfully used to control two low-dimensionaf P ut:\llz.es thne _fact thas defor_ms a hypersphgre '?H{rqund-
chaotic systems: a driven single pendul[i#8] and a driven "9, ZF 1N 2" into a hyperellipsoid surroundingz n
bronze ribbor{7]. In this study, we extend the local control > N %‘n%’#‘lar value  decomposition  of A
method to stabilize a high-dimensional chaotic system: théA"=U"W"V"', where the superscrifit denotes transpose
driven double pendulum. is used to obtain th&" hypersphere vectar (the direction

During each drive period, the local control method at-Of maximal stretching which is mapped onto the largest
tempts to stabilize a targeted UPO by applyiNgcontrol ~ axis of theX"** hyperellipsoid. Thus the vector, is the
perturbationsdp to an accessible parametpr such that —column vector ofV" corresponding to the largest singular
p=p+ &p, wherep is the initial value ofp. To determine valueu; of W". Oncez" enters into the hypersphere neigh-
the perturbations required to stabilize the targeted UPQ, thiborhood surrounding? the local control method attempts to
method introduces N successive Poincaresections constrain the system within the target UPO by selecting
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generator erator, whose axle is linked to the axle of the drive motor.

N The electronic circuit then integratés to provide the inner
pendulum angl®, . Whenever the pendulum swings through
#,=0, a vertical line on the back of the inner pendulum arm

is detected by a bar-code reader. The bar-code reader triggers
an integration resetd=0) to constrain-27<;<2. The

6, 6;, andV signals are scanned via analog-to-digital con-
version into a PowerMacintosh 7100/80 computer at a sam-
pling rate of Nf (N=20), the same rate at which control
perturbationsép are returned via digital-to-analog conver-
sion from the computer to the drive motor.

To locate the target UPO on which control was to be

attempted,#; and 6; were recorded from the driven double
pendulum for 7500 drive cycles witbp=0.0 V. The driven

/{_/J double pendulum has five degrees of freed@he drive
g phase#;, 6, 6,, and 6,, where 6, and 6, represent the
l//"' > (1) angular velocity and angle of the outer pendulum, respec-

# V(1) tively). In this experimentf, and 6, were not available via
measurement. Thus we used a time-delay coordinate embed-

ding, comprised of twd 6,, 6;} pairs, to reconstruct the pen-

FIG. 1. Schematic of the driven double pendulum setup. Thedulum dynamicsz"=(6 ,6",6 =™, 0" ™T, wherem=5.
inner and outer pendulums are aluminum bars weighted on one endhis value was selected because the first minimum in the

(the distal engl Each pendulum has full rotational freedom about anmutual informatior{12] for bi occurred at five samplésThe

axis passing through its proximal end. The outer pendulum’s rotas athod of false nearest neighbgts3] indicated that using

tional axis passes through the center of the inner pendulum Weighb . . . .
and is in the same direction as an electric motor axle that serves é ree{0;, 60} pairs for the time-delay embedding produced

the inner pendulum rotational axis. The electric motor generates af'€ Optimal attractor reconstructidffelse nearest-neighbor
external torque that is dependent on a sinusoidal drive voltag@ercentage of 8.0% HOWEYEV: this was only a 2.7% im-
V(t) = Asin(2rft)+p. The angular velocity; of the inner pendu- Provement over using twgd;, 6;} pairs for the time-delay
lum is measured by a generator whose axle is linked to the axle g¢mbedding(false nearest-neighbor percentage of 10.7%
the motor. The#, signal is integrated by an electronic circGitot ~ Consequently, we used tV\{dﬂi, 6;} pairs for the time-delay
shown) to provide the inner pendulum angé. embedding in order to reduce the complexity of the control
intervention computationfEq. (6)]. The entire data record
Sp" such that the projection ofz onto v, decreases by a was searched for period-1 orbits, i.e., segments of the time

motor

bar-code
reader

inner
pendulum

outer

pendulum\A

—> 6;(1) reset

factor of (1—p) during each control step, i.e., series that satisfied |(6"—6""N)/6 "|<0.025 and
(6"—6""NY/ 6" <0.025. Because more than one unique
nN+1T oon+1 nT oon | ! !
vy T 0z T =(1-p)v, 6z (5)  UPO can exist for a given period, each period-1 orbit was

, , . i classified as eithd(i) a unique orbit or(ii) a recurrence of a
Thus the local control formula is obtained by inserting Eq.previously identified orbit. An orbit was considered recurrent

(5) into Eq. (2): if it had the same drive phase as a previously identified orbit
m-1 and if each of its#" and 6" were within 5% of those of the
(1_p)VET52n_VE+1T(An52n+ 2 Wngn—J previously identifi_ed orbit. Each orbi_t with at least ten recur-
Sp— =0 rences was considered to be a valid UPO. The components
p VE+1TW8 ' z¢ of each valid UPO were computed as the averages of all

(6)  recurrences o, #" "™ and 6"~ ™. Figure 2 shows the
double pendulum’s libration UPO, which was selected for

As in Ref. [7], we limit the applied perturbation 0 control in this study because it had more recurren@is

| 5p"|< Spmax [11], i.e., recurrencesthan any other UPO.
The Jacobian matrices and sensitivity vectors of @&
n n
ph= op for [5p"| < SPrmax (7) were estimated from a second recording during which a
sgn(dp™) SPmax  for | Sp"|> SPmax- single Sp perturbation was applied each peript4]. The

duration of each perturbation was W) (i.e., 0.04 s, which

The setup for the driven double pendulum control experiwas the same duration used during contesid each ampli-
ment is shown in Fig. 1. The electric drive motor is poweredtyde was randomly selected a€.3, —0.15, 0.0,+0.15, or
by a sinusoidal voltage/(t) =Asin(2=ft)+p. For this ex-  +0.3 V. During the recording, the application of the pertur-
periment,A=1.3 V, f=1.2 Hz, andp is a dc torque that is bations was timed such that easle N received 3500 per-
used as the accessible control parameter@.0 V). The  turbations. After the recording, the Jacobian matrices and
angular velocity; of the inner pendulum is measured by an sensitivity vectors were estimated from the nearest neighbors
electronic circuit connected to the voltage output of a genof eachz! . Because the sensitivity vectors are only affected
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FIG. 2. Libration unstable periodic orbfyPO), shown in the k
Hi-bi plane, for the driven double pendulum of Fig. 1. b
by perturbations that occur during the delay lag the 02 -
nearest-neighbor search was limited to those vectors that fol- :
lowed an applied perturbation by fewer tharlags. For each o 0.1F
neN, the 40 nearest neighbors g, their corresponding l | K
z’;“ and the corresponding perturbatiofp" ™/ (where j ™ 0.0 -
equals the number of scans between the perturbation and the | N c | N |
nearest neighbpmwere simultaneously fit to Eq2) to esti- P Y S St |
mateA" andw] (j=0,1,...,m—1). 0 100 200 ‘ 300 400 300

The Lyapunov numbersi(=138.0A,=—2.8\3=0.3,
and\ ,=1.0x 10 %) [15] for the target UPO shown in Fig. 2
indicate that the o_rblt has two unstable dlrnectltﬁmé]. Fig- J, for the first PoincaresectionS9) versus cycle numbek. (b)
ure 3 shows the singular valugd for eachA" of the target Absolute value of the corr nding control berturbatibn® com-
UPO. The variation of the singular values around the orbiﬁO SOlte vaue of ihe o e-SPO, g control perturbatiapsco
i . S uted by Egs(6) and(7) with p=0.15. The duration of each per-
indicates that orbit stability is dependent onFor eachn turbation was 0.04 s. Control was inactivep=0.0) until 2" en-
€N, there are at least two unstable directiops>(1.0). It tered into the hypersphere neighborhood surroundingt k= 77.
should also be noted that each of #h& Jacobian matrices Control was then activated withp,,=0.2 V. Subsequently,
estimated from Eq(2) was characterized by at least two 8p,,.x Was uniformly decreased @p,,,=0.06 V. Atk=450, con-
complex eigenvalues. Thus a local control approach that entrol was turned off and the double pendulum resumed its chaotic
ploys eigenvalues, rather than singular value decompositioriotion. The respective control stages are annotatee)iand (b).
would be inappropriate for this system and other systems

with complex eigenvalues fok". surroundingz . The initial size of the hypersphefeorre-

Figure 4 shows local control of the inner pendulum angu-g,qing to a maximum allowable parameter perturbation of

lar yelocny, along with the correspo.ndln.g parameter pe.r.tur—(spmaxz0_2 V) was selected to allow a timely entry into the
bations, for the target UPO shown in Fig. 2. Control initia-

i 4 wh n tered into the h z¢ neighborhood. Once control was obtainég,,,, was uni-
lon occurred whenz® entered into the hypersphere formly decreased to a value of approximately 5% of the

drive amplitudeA. Control could be maintained indefinitely,
even with these small perturbations. The stabilized orbit
never exactly matched the target UR@his was consistent
with Ref.[7].) Thus the control perturbations computed by
Eq. (6) consistently exceedefp,.x and were capped by Eq.
(7). Once control was turned off, the double pendulum
quickly resumed its chaotic motiofrig. 4).

In order to demonstrate the robustness of control, “mea-
surement” noise was added to each componenz™pfi.e.,
"= (0"+ &), 00+ e&), 00 M+ €5, 00 M+ e£))T,  where
£,86,85, and &, are independent random variables uni-
n formly distributed in[—1,1] and € is a constant. At
6Pmax=0.06 V, control could be maintained indefinitely for

Values of u>1.0 indicate an unstabl@xpanding direction, while €=0.0%A. Interestlngly, control COUI_d also be malntalr@td
values ofu< 1.0 indicate a stablecontracting direction. The larg-  the absence of additive noiseven if former perturbations

est singular valueu” corresponds to the direction of maximum Were excluded from Eq), i.e., w]=0 for j>0, thus fur-
stretching. ther indicating the robustness of the local control method.

FIG. 4. Local control of the UPO shown in Fig. @) b? (i.e.,

FIG. 3. Singular valueg." of A" for the UPO shown in Fig. 2.
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In this study, we have demonstrated that a delay coordiehanical and biologicall17] systems, which are often high
nate extension of the local control method can be used tdimensional.
control an experimental high-dimensional chaotic system. _ ) _
These developments may further open up real-world appli- This work was supported by the National Science Foun-
cations of chaos control. For example, the approach used i@ation(J.J.C. and D.J.¢and the Office of Naval Research
the present study may be particularly appropriate for me{P.S.L).
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